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Abstract
Dirichlet distributions are an essential building block in many
Bayesian models, particularly those in Natural Language Processing.
We propose a novel Pólya Urn based approximation to the Dirichlet
distribution. We show that by using the Polya Urn approximation
in a sparse partially collapsed Gibbs sampler for the popular Latent
Dirichlet Allocation topic model, we can derive a sampler that is faster
than the current state-of-the-art, both theoretically and empirically.

Latent Dirichlet Allocation
The canonical topic model [1].
–Used to learn about topics within a collection of documents.
–Very popular: 20,000+ citations on Google Scholar
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Sparse MCMC
Sample topic indicators z1, .., zi,d:

zi,d | z−i,d ∝
n−ik,v(i) + β

n−ik,· + V β
(m−id,k + α).

Standard approach: split sum and precompute Alias table for α term [2].
Complexity: O


∑N

i=1K
(m)
d(i)

, Metropolis-Hastings based.
Completely sequential.

Poisson Pólya Urn approximation
to the Dirichlet distribution

Definition. Let x ∼ PPU($,F ) if we have for γ̃j ∼ Pois($Fj) that

x =


γ̃1∑J
j=1 γ̃j

, ..,
γ̃J∑J
j=1 γ̃j


.

Theorem. Let x ∼ PPU($,F ). Let x∗ ∼ Dir($,F ). Then we have
||x−x∗|| → 0 as $→∞ for all F in the Levy-Prokhorov metric. [4]

Thus we may view the Poisson Pólya Urn distribution as an asymp-
totic approximation of the Dirichlet distribution using sparse vectors.

Parallel Doubly Sparse MCMC
Start with the partially collapsed Gibbs sampler (PCLDA) [3], replace
the Dirichlet distribution with the Poisson Pólya Urn distribution.

Sample topic-word proportion matrix Φ, then topic indicators z:

φk ∼ PPU(nk + β) zi,d ∝ φk,v(i)(m−id,k + αk).

Advantages compared to PCLDA.
–Φ becomes sparse.
–Bypasses memory bottleneck.
–Near-identical mixing properties.
– Same excellent parallelizability.
–Faster runtime for both Φ and z.

Complexity: O

∑N

i=1 min
K

(m)
d(i) , K

(Φ)
v(i)


.
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Future Work
–Understand approximation error from MCMC theory point of view.
–Poisson Pólya Urn approximation is generic and likely to be useful
in many other Dirichlet-based hierarchical Bayesian models.


