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Reinforcement learning

An agent interacts with an environment in discrete time

At each time step
• Agent chooses action
• Environment changes to a new state
• Agent receives reward from environment

agent environment
action

reward, state

state

Goal: maximize reward
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Continuous control

Continuous-time: controlled differential equations

ẋ(t) = f(x(t), u(x))

Goal: find control map u : X → U maximizing the path integral∫ T

0
r(x(t), u(t))dt+ r(x(T ))

f : unknown

Model-based RL: learn a model of f and act accordingly
(possibly taking uncertainty into account via Bayesian methods)
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Geometric control and reinforcement learning

Robots are mechanical systems satisfying the laws of physics

Hence, letting x = (q, p), the CDE

ẋ(t) = f(x(t), u(x))

carries the structure of Hamilton’s equations

q̇(t) = ∂H

∂p
ṗ(t) = −∂H

∂q
+ F

Our program: use this structure to make RL more data-efficient
• Formulate theory in the language of geometry and mechanics
• Motivates Bayesian theory on Riemannian manifolds
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Variational integrator networks for physically
structured embeddings

Steindór Sæmundsson, Alexander Terenin,
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Neural ODEs for embedding dynamical systems

Goal: learn an embedding of a dynamical system observed as pixels

Neural ODEs: view RNNs and ResNets as discretizations of ODEs

ẋ(t) = f(x(t), t)

Idea: rather than a free-form ODE, work with Hamilton’s equations

q̇(t) = ∂H

∂p
ṗ(t) = −∂H

∂q
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Variational integrator networks

Discretize the variational principle
=⇒ new network architectures!
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Variational integrator network autoencoders

Learn from pixels using a VAE
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Conservation laws
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VINs conserve phase volume and momentum exactly
and conserve energy much better than free-form RNNs
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Latent state space
Vanilla VAE Dynamic VAE LG-VAE

DLG-VAE DLG-VAE (Fixed) Ground truth

Continuous latent state space in space and time
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Long-term forecasting

DV
AE

0

DL
G-

VA
E

+1 +2 +3 +4 +5

Better long-term accuracy in small-data settings
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A physically structured architecture

X data-efficiency
X interpretability

X latent space behavior
X long-term generalization

X well-understood mathematics

� can be slightly less expressive
� external forces are tricky (working on this now)
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Efficiently sampling functions from
Gaussian process posteriors

James T. Wilson*, Viacheslav Borovitskiy*, Alexander Terenin*,
Peter Mostowsky*, and Marc Deisenroth

*Equal contribution



Probabilistic models for reinforcement learning

Controlled differential equations

ẋ(t) = f(x(t), u(x))

Time-discretization =⇒ supervised learning

xt+1 − xt

∆t = f(xt, u(xt))

X Gaussian processes: excellent data-efficiency (PILCO)
� Gaussian process rollouts: O(T 3)

This work: address this without sacrificing accuracy
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Sampling with sparse GPs
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Key idea: Matheron’s update rule

(f | y)(·) d= f(·) + K(·)xK−1
xx(y − fx)

Why? For
[
x1
x2

]
∼ N

([
µ2
µ2

]
,

[
Σ11 Σ12
Σ21 Σ22

])
we have

(x1 | x2 = u) d= x1 + Σ12Σ−1
22 (u− x2)
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Path-wise sampling with sparse GPs

(f | y)(·)
posterior

d= f(·)
prior

+ K(·)xK−1
xx(y − fx)

update

Prior term: discretize with random Fourier features
Data term: approximate with sparse GPs

(f | y)(·)

approximate
posterior

d≈
∑̀
i=1

wiφi(·)

RFF basis for
stationary prior

+
m∑

i=1
vik(·, zi)

canonical basis
for sparse update

v = K−1
zz (u−Φ>w)
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Visualizing decoupled sample paths
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Error analysis
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Thompson sampling
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Decoupled samplings (ours)

Improved performance owing to smaller error
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FitzHugh-Nagumo model neuron dynamical system
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Significantly more efficient time-stepping
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Towards geometric PILCO: concluding remarks

Controlled Hamilton’s equations

q̇(t) = ∂H

∂p
ṗ(t) = −∂H

∂q
+ Fu

X time-step using VINs (or symplectic networks)
X use decoupled sampling for discretizing GP

• how to properly handle external forces?
• how to define GPs on Riemannian manifolds? (current idea: SPDEs)

• does geometry and mechanics help on the policy side?
• learning guarantees and convergence rates?
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Concluding remarks

Thank you for your attention!
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