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Matheron’s update rule

[
a
b

]
∼ N

([
µa
µb

]
,

[
Kaa Kab

Kba Kbb

])
=⇒ (a | b = β) d= a+ KabK−1

bb (β − b)

Alexander Terenin Efficiently sampling Gaussian processes 3



Path-wise sampling for Gaussian processes

(f | y)(·)
posterior

d= f(·)
prior

+ K(·)xK−1
xx(y − f(x))
update

Cubic training costs: K−1
xx Cubic evaluation costs: f(·)
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A sparse path-wise approximation

(f | y)(·)

approximate
posterior

d≈
∑̀
i=1

wiφi(·)

RFF basis for
stationary prior

+
m∑
i=1

vik(·, zi)

canonical basis
for sparse update

v = K−1
zz (u−ΦTw)

Linear evaluation costs
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Uncertainty

X Avoids variance starvation
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Error analysis

W2,L2(X )(f (d), f | y)
total approximation error

≤W2,L2(X )(f (s), f | y)
error in sparse posterior

+CW2,L2(X )(f (w), f)
error in approximate prior

X Empirical Wasserstein error smaller than for RFF
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Bayesian optimization: Thompson sampling

X Improved performance owing to smaller error
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FitzHugh-Nagumo model neuron dynamical system

X Low approximation error
X Significantly more efficient time-stepping
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Matérn Gaussian processes on Riemannian manifolds

k(x, x′) = σ2 21−ν

Γ(ν)

(√
2ν ‖x− x

′‖
κ

)ν
Kν

(√
2ν ‖x− x

′‖
κ

)

σ2: variance κ: length scale ν: smoothness
ν →∞: recovers square exponential kernel

This defines GPs f : Rd → R

What about f : M → R where M is a Riemannian manifold?
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A candidate generalization for ν →∞ via geodesics

knäıve(x, x′) = σ2 exp
(
−dg(x, x

′)2

2κ2

)

Theorem. (Feragen et al.) Let M be a complete Riemannian manifold without
boundary. If knäıve is a positive semi-definite kernel for all κ, then M is isometric to a
Euclidean space.

Need a different candidate generalization
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Matérn Gaussian processes as solutions of stochastic PDEs

(2ν
κ2 −∆

) ν
2 + d

4
f =W

Matérn

e−
κ2
4 ∆f =W

Squared Exponential

∆ : Laplacian W : (rescaled) white noise e−
κ2
4 ∆ : (rescaled) heat semigroup

• GP analog of f = Lz where z ∼ N(0, I)
X Generalizes well to the Riemannian setting
� Not very constructive, requires solving SPDEs

This work: compute the kernel, enable training via inducing point methods
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A candidate generalization via stochastic PDEs

What do these kernels look like? (ν = 1/2)
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What’s wrong with the geodesic definition?

Torus: k(x, x′) =
∑
n∈Zd

σ2 exp
(
−‖x− x

′ + n‖2

2κ2

)
(up to a pair
of constants)

∥∥x− x′∥∥ ∥∥x− x′ − 1
∥∥ ∥∥x− x′ + 1

∥∥ ∥∥x− x′ − 2
∥∥ ∥∥x− x′ + 2

∥∥
Similar to näıve generalization, but with extra terms
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Riemannian Matérn kernels on compact spaces

General case: kν(x, x′) = σ2

Cν

∞∑
n=0

(2ν
κ2 − λn

)ν− d2
fn(x)fn(x′) (λn, fn) : Laplace–Beltrami

eigenpairs

Sphere: kν(x, x′) = σ2

Cν

∞∑
n=0

cn,d ρν(n) C(d−1)/2
n

(
cos
(
dg(x, x′)

))

cn,d : explicit constants C(·)
n : Gegenbauer polynomials

Cν : normalization constant ρν(n) : generalized spectral measure
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Posterior samples from Riemannian Matérn GPs

(a) Ground Truth (b) Posterior Mean (c) Standard Deviation (d) One posterior sample

X Train by sampling from the prior and using pathwise formula
X Does not require repeated numerical SPDE solves
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Concluding remarks

Thank you for your attention!
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