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• d-dimensional smooth & compact submanifold

• regression function

• Regression model : with iid, iid where d-

dimensional Hausdorff measure on and a lower bounded density

• Question : do we need to incorporate geometric informations when designing estimators of 

in order to prove good convergence properties ? In the Gaussian process framework, are 

processes/kernels defined on the whole space “good enough” ?
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Theorem

• Suppose that 

• Take either an intrinsic or an extrinsic Matérn process with 

• We allow a truncation parameter
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• i.e. an extrinsic Matérn process has the same asymptotic performance as the intrinsic one• Laplace-Beltrami operator

• eigendecomposition of ∆

• smooth compactly on with on 

•

• Sobolev space : 𝛽 2

• Hölder-Zygmund type space : 
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• Connections with more classical definitions of Besov spaces on exist
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iid the “intrinsic” Matérn process

• Truncation level

•
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2 a standard “extrinsic” Matérn process on i.e. with 
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where modified Bessel function of the 2nd kind ; and 

then we consider the restriction 

Problem

Sobolev & Hölder-Zygmund spaces

Prior processes
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Practical results

• We run experiments computing an approximation of the pointwise worst case expected error 

for the posterior mean estimator over the unit ball of the RKHS of the process

• We compare three manifolds : the dumbbell, the sphere and the dragon

• We find significant differences between extrinsic and intrinsic processes when the manifold 

has regions where the geodesic distance is not well approximated by the Euclidean distance 

(here the dumbbell and the dragon manifolds) ; in particular the error decays non-uniformly 

in space

• However when the geodesic distance is well approximated by the Euclidean distance 

uniformly in space (the sphere in our case) then the error decays uniformly in space and the 

extrinsic or intrinsic processes have similar performances 

Kernel for the extrinsic process on the dragon manifold Kernel for the intrinsic process on the dragon manifold

Key elements of the proof :

• The key : in both cases the RKHS of the process is norm equivalent to the (“projected”) 

Sobolev space 

• For the extrinsic process this follows from the work of Große & al 2013 relating manifold and 

ambient Sobolev spaces by trace and extension operators

• For the intrinsic process this follows almost directly from its definition and the definition of the 

Sobolev space

• We prove first an intermediate contraction result with respect to the empirical distance 

(i.e. in the fixed design setting) and we extrapolate the 

result using Hölder continuity of the prior process samples

• While this regularity property is known for the extrinsic process, we believe the result is new

for the intrinsic process

Questions :

• Are the intrinsic Matérn processes “better” than the extrinsic ones ?

• For this we study the asymptotic behaviour of the posterior distributions of the processes 

under the frequentists assumptions of the nonparametric regression model

• In the Euclidean setting, Van der Vaart & Van Zanten showed that (Euclidean) Matern

processes achieve a minimax optimal rates of convergence 
𝛽

2𝛽+𝑑 provided that prior and 

real smoothness match

• We prove here an analog of this result on the manifold 
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