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Model-based decision-making



Model-based decision-making: Bayesian optimization

Principle of Separation: prediction and decision-making



Probabilistic models



Probabilistic models

Predictions and uncertainty



Extrapolation and uncertainty

Neural network baseline



Extrapolation and uncertainty

Gaussian process: squared exponential kernel



Extrapolation and uncertainty

Gaussian process: polynomial kernel



Extrapolation and uncertainty

Neural network ensemble



Extrapolation and uncertainty

Bayesian neural network using MCMC



Extrapolation and uncertainty

Gaussian process: Gaussian process: Ensemble Bayesian neural network
stationary kernel polynomial kernel

Goal: reasonable control of model's uncertainty behavior
Vague idea: regulate uncertainty using symmetries



Geometric Learning



What are we trying to do?

Non-linear regression and classification:

N

r]{g;;_l 2 L(y;, f(x;))

where

o (:IJZ-, yz) training data
o L:loss function, such as square loss ||y; — f(«;) H2
 F:some space of functions f : X — Y

Spaces X and/or Y carry geometric structure



What are we trying to do?

Probabilistic non-linear regression and classification:

Yi ~ py\f(' ‘ f(wz))
where

o (:I:Z-, yz) training data
* Dy|f: likelihood, such as Gaussian y; ~ N( f (wz), (72)
e Bayesian approach: place a prior p¢ over functions f : X — Y

Most models can be formulated in both ways
Spaces X and Y carry geometric structure



What are we trying to do? An example: graphs

/(%) -2



Geometric learning: settings

Meshes Graphs Manifolds Vector Fields

And many more!



Challenge: how do we represent data?

Graph: G = (V, E) where Numerical representation:
o V: set of vertices  V':integers
« E CV x V:edges o E: binary matrix

Different orderings represent same graph ~~ permutation invariance

1234567809 12345671889

.

¢

V e PV P: permutation matrix
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Challenge: how do we represent data?

Two ways of representing points on a sphere:

e Points in R3: (z,y,2) € REwithz? + y* + 22 =1

« Angles: (0, @) representing angle relative to a chosen point

Different numbers: same point on sphere

Predictions should depend on our data,
not on how we store it numerically



Challenge: how do we represent data?

Same vector field: represented ditferently in different frames
Predictions should depend on our data, not on the choice of frame



Symmetries: predictions that depend only on data

Need models that respect representation's symmetries

Invariance Equivariance
i Q X
<_ 6,1 o -
5 0 ¢° X
Transformations of representation Transformations correctly carry over
don't affect output from input to output

Challenge: model design



Symmetries: extrapolation and uncertainty

Design principle: models which respect the space’s symmetries

e Symmetry-based extrapolation
e Symmetry-based uncertainty

..unless data indicates otherwise?

Just as relevant in classical Euclidean setting

Geometric learning: right technical language for studying this



Geometric deep learning: models

Graph neural networks

o Geometric analogs of ConvNets
e Most-common model by far

Idea:

1. Pixel-space convolution: discretization of Euclidean convolution
2. Replace Euclidean convolution with non-Euclidean analog
3. Discretize: obtain graph neural network architecture

Challenge: what is the right notion of convolution?



Geometric deep learning: models

Other models:

o Attention and graph transformers
o Invariant and equivariant networks
e Lots of other ideas

Check out the recent book, available with
slides and other content at

HTTPS://GEOMETRICDEEPLEARNING.COM

GEOMETRIC
DEEP
LEARNING

Grids, Groups, Graphs,

Geodesics, and Gauges

Michael M. Bronstein, Joan Bruna,

Taco Cohen, Petar Veli¢kovié



https://geometricdeeplearning.com/

Applications of Geometric Learning



Applications: drug discovery

Chemical landscape
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Graph neural network: predicted antibiotic activity in halicin, prev. studied for diabetes
Shown in mice to have broad-spectrum antibiotic activity

Figure and results: Stokes et al. (Cell, 2020)



Applications: recommendation systems
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Graph neural networks: used to improve complementary product recommendation
Improved performance in production compared to Amazon's prior approach

Figure and results: Hao et al. (CIKM 2020)



Applications: traffic prediction

Google Maps ETA Improvements Around the World
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Graph neural networks: Google Maps traffic ETA prediction
Improved accuracy in production compared to prior approach

Figure and results: Derrow-Pinion et al. (CIKM 2021)
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Basic types ot probabilistic models



Basic types of probabilistic models

Bayesian Neural Networks Deep Ensembles Gaussian Processes

\ . 7 \ . J/
~~ ~~

require specialized architectures require specialized kernels



An example problem



An example problem

70
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10

Use 250 labeled nodes for training data and 75 for test data

Dataset details: Borovitskiy et al. (AISTATS 2021)



Simple baseline



Simple baseline: uncertainty

RMSE Scores

Trivial @ 16.43
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NLL Scores 7/

Trivial @ 103




Trying out different probabilistic models

Link to code at the end of the tutorial



Sanity Check:
Deterministic Graph CNN



Deterministic Graph CNN: prediction (7 layers)

RMSE Scores

Trivial

® 16.43
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Probabilistic models



Deep Ensemble

P




Deep Ensemble: uncertainty

RMSE Scores

Trivial

NN-1

Ensemble
NN-7

16.

13.

12
12

43

29

.56
.52

18

- 16

14

12

-0

NLL Scores 7/

Ensemble @ 18944

Trivial @ 103




Bayesian Graph CNN



Bayesian Graph CNN

RMSE Scores

B-NN-100 l 2eb

Trivial @ 16.43

NN-1 13.29
B-NN-10 12.56
Ensemble 12.56
NN-7 12.52

18
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14

12

NLL Scores 7/

B-NN-100

Ensemble

Trivial

B-NN-10

3

2e+8

18944

103

92



(Gaussian Process




Gaussian Process: geometric Matérn kernel — uncertainty

18
RMSE Scores NLL Scores 7/

- 16

B-NN-100 1 266 f1% p_NN-100 1 De+8

- 12
Trivial @ 16.43 i
10 Ensemble ® 18944
- 8
NN-1 @ 13.29 Trivial @ 103
B-NN-10 12.56 -6
Ensemble 12.56
NN-7 12.52 |, B-NN-10 92
M-GP 10.94 M-GP 72
H - 2 H




Not all Gaussian processes
work well



Gaussian Process: inverse cosine kernel, uncertainty

18
RMSE Scores NLL Scores 7/
3 ‘ 2 - 16
1 O ; - 14 l
B-NN-100 2e6 . g g B-NN-100 2e+8
* > X - 12
IC-GP : 16.45
Trivial 16.43 v O i
10 Epsemble @ 18944
SN a. . * )
RW-GP I 13.80 7 S - 8
NN-1 13.29 . , , Trivial 103
: IC-GP 102
B-NN-10 12.56 s ‘ -6
Ensemble 12.56 < . : < RW-GP 93
NN-7 12.52 O 8 / 0 |, B-NN-10 92
M-GP ¢ 10.94 g e M-GP 72
H -2 H




A way to think about this



A way to think about this

This example: easy-to-use and visualize benchmark for
regression on geometric data

Geometric Gaussian processes:

e Reliable off-the-shelf probabilistic models
e Solid baselines to benchmark other models against



Deep Dive:
Geometric Gaussian Processes



Geometric (non-Euclidean) domains

Graphs

road networks

Manifolds

physics, robotics

Spaces of graphs
drug design



Standard kernels in

Q’n




Matérn kernels

K

1—v ! v o
kvna2(m7w,):0_22— (@‘w wl) K, (\/Z‘x w’)
7 KR

2

o“:variance K:length scale v:smoothness

v — 00: RBF kernel (Gaussian, heat, diffusion)




How to generalize these to
non-Euclidean settings?



Distance-based approach

1\ 2
K0, = e (S22

Geometry-aware, but...

Manifolds: not well-defined unless the manifold is isometric to a Euclidean space
Feragen et al. (CVPR 2015)

Graphs: not well-defined unless nodes can be isometrically embedded into a Hilbert space
Schonberg (TAMS 1938)

Spaces of graphs: what is a space of graphs?

Need a different generalization



Another approach: stochastic partial differential equations

A: Laplacian VV: Gaussian white noise ~ d: dimension

Whittle (ISI 1963)
Lindgren et al. (JRSSB 2011)



Making it explicit:
node sets of graphs



Motivating example: tratfic speed modeling

18

- 16
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Matérn kernels on weighted undirected graphs

SPDE turns into a stochastic linear system: solution has kernel

52 Vi-1

kl/li',0'2(7’] C Z(I)I/li ).fn( )

An, fn: eigenvalues and eigenvectors of the Laplacian matrix

= —)\) v < oo : Matérn
2 v = 0o : heat (sq. exp., RBF)

IRN

(&
(I)I/,K,()\) — <
Le




Examples: ks /2( , ) on node sets of different graphs




Making it explicit:
other settings



Making it explicit: other settings

Compact manifolds:

2 0@
o)
ku,n,cﬂ (waml) — C— Z V,ﬁ()\n)fn(m)fn(w,)
V'R n=0
2 ©.@)
:C—Z VK AlZfls fls )
VK 10 )
Gl(\:cr,:c’)

Infinite summation where \,,, f,, are Laplace-Beltrami eigenpairs
Addition theorems: more efficient G;(x, «')-based expressions



Making it explicit: other settings

Non-compact manifolds:
« No summation: instead, integral approximated via Monte Carlo

Spaces of graphs:
« Geometry: make a set of graphs to be a node set of a larger graph
e Then, heat and Matérn kernels are automatically defined
o Larger graph is huge: need clever computational techniques



Gaussian processes:
other geometric settings



Gaussian processes: other geometric settings

Simple manifolds: Compact Lie groups and Non-compact symmetric
meshes, spheres, tori homogeneous spaces: spaces: H,, and SPD(n)
Borovitskiy et al. (AISTATS 2020) SO (n) , reSp. GI' ('n, T‘) Azangulov et al. JMLR 2024)

Azangulov et al. (JMLR 2024)



Gaussian processes: other geometric settings

Vector fields on simple manifolds
Robert-Nicoud et al. (AISTATS 2024)



Gaussian processes: other geometric settings

D
( :

®@@@
s OO

Edges of graphs Metric graphs Cellular Complexes  Spaces of Graphs

Yang et al. (AISTATS 2024) Bolin et al. (Bernoulli 2024) Alain et al. ICML 2024) Borovitskiy et al. (AISTATS 2023)




Implicit geometry

Semi-supervised learning: Semi-supervised learning:
scalar functions vector fields
Fichera et al. (NeurIPS 2023) Peach et al. (ICLR 2024)



Theoretical results



Theoretical results

(A) d<3

2 _ 2 _
O-l/CV17a1 — 0-2/CV270527 I/l - V2

(B) d>4
2 _ 2 d — —
01 = 09 ana & = 2, V1 = 12

Hyperparameter inference
Li et al. JMLR 2024)

109
102
10~4

Minimax errors
Rosa et al. (NeurIPS 2023)



Emerging real-world applications



Robotics: Bayesian optimization of control policies

Joint postures: T? Rotations: S3, SO(3) Manipulability: SPD(3)

Jaquier et al. (CoRL 2019, CoRL 2021), figures by the authors



Medicine: probabilistic atrial activation maps

Prediction Uncertainty

Matérn Gaussian processes on meshes (independently proposed)

Coveney et al. (TBE 2019, PTRSA 2020), figures by the authors



Engineering: Bayesian optimization of shapes

Based on ensembles of geodesic CNNs

Neural Concept, video from neuralconcept.com


https://www.neuralconcept.com/post/debosh-deep-bayesian-shape-optimization

Join us!

Lots of worthwhile problems to study!



Software



Example Problem: Code

 PyTorch Geometric: graph neural networks
 Pyro: probabilistic programming
StaCk- e GPyTorch: Gaussian processes

o GeometricKernels: geometric Matérn kernels

Implementation:
Colab notebook



https://colab.research.google.com/drive/1sx8aIqq-58jTJ1cFkPHMTsJTpC_HCGIz?usp=sharing

GeometricKernels: Matérn and heat kernels on geometric domains

el
S

HTTPS: / / GEOMETRIC-KERNELS.GITHUB.IO /



https://geometric-kernels.github.io/

Matérn and Heat Kernels on Geometric Domains

Example code:

>>> # Define a space (2-dim sphere).
>>> hypersphere = Hypersphere(dim=2)

>>> # Initialize kernel.
>>> kernel = MaternGeometricKernel(hypersphere)
>>> params = kernel.init_params()

>>> # Compute and print out the 3x3 kernel matrix.
>>> xs = np.array([[0., 0., 1.], [0., 1., 0.], [1., 0., 0.]])
>>> print(kernel.K(params, xs))

[[1. 0.356 0.356]
[0.356 1. 0.356]
[0.356 0.356 1. 1]

Multi-backend: Numpy, JAX, Pylorch, TensorFlow



Software and frameworks

PyTorch JAX TensorFlow
Graph Neural PyTorch Jraph TensorFlow
Networks Geometric GNN
Probabilistic Pyro NumPyro TensorFlow
Programming Probability
Gaussian Processes GPyTorch GPJax GPflow
Geometric Kernels GeometricKernels

Neural networks beyond the graph setting: various small libraries



summary



Summary

Geometric machine learning: increasingly popular
e Waves: kernels on structured data, geometric deep learning

Geometric probabilistic models: emerging research area

« Geometric Gaussian processes: solid off-the-shelf baselines
o Increasingly available but actively developing: join us!
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